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Recent advances in machine learning research have produced powerful neural
graph embedding methods, which learn useful, low-dimensional vector
representations of network data. These neural methods for graph embedding
excel in graph machine learning tasks and are now widely adopted. However,
how and why these methods work—particularly how network structure gets
encoded in the embedding—remain largely unexplained. Here, we show that
node2vec—shallow, linear neural network—encodes communities into separ-
able clusters better than random partitioning down to the information-
theoretic detectability limit for the stochastic block models. We show that this
is due to the equivalence between the embedding learned by node2vec and
the spectral embedding via the eigenvectors of the symmetric normalized
Laplacian matrix. Numerical simulations demonstrate that node2vec is capable
of learning communities on sparse graphs generated by the stochastic
blockmodel, as well as on sparse degree-heterogeneous networks. Our results
highlight the features of graph neural networks that enable them to separate
communities in the embedding space.

Networks represent the structure of complex systems as sets of nodes
connected by edges'™ and are ubiquitous across diverse domains,
including social sciences*’, transportation®’, finance®’, science of
science'®”, neuroscience””, and biology'*'*. Networks are complex,
high-dimensional, and discrete objects, making it highly non-trivial to
obtain useful representations of their structure. For instance, recom-
mendation systems for social networks typically require informative
variables (or “features”) that capture the most important structural
characteristics. Often, these features are designed through trial and
error, and may not be generalizable across networks.

Graph embeddings automatically identify useful structural fea-
tures for network elements, most commonly for the nodes”*. Each
node is represented as a point in a compact and continuous vector
space. Such a vector representation enables the direct application of
powerful machine learning methods, capable of solving various tasks,
such as visualization'?°, clustering?*>, and prediction®*%, This
representation can facilitate the operationalization of abstract con-
cepts using vectorial operations®®* %, Graph embeddings have been
studied in various contexts. For example, spectral embedding stems

from the spectral analysis of networks”?. A closely related formula-
tion is matrix factorization®**. Recent years have witnessed a sub-
stantial shift towards a new paradigm of graph embeddings based on
neural networks******°, which have demonstrated remarkable effec-
tiveness across many computational tasks?>**>38393%40_Yet, due to the
inherent black-box nature of neural networks, how and why these
methods work is still largely unknown; we lack a clear understanding of
the process of encoding certain network structures onto embeddings.

One of the fundamental and ubiquitous features of networks is
community structure, i.e., the existence of cohesive groups of nodes,
characterized by a density of within-group edges that is higher than the
density of edges between them**, In practice, neural graph embed-
ding methods are widely used to discover communities from
networks?e?+3,

The stochastic block model (SBM) is a basic generative model of
networks with community structure*** and is regularly used as a
benchmark for community detection algorithms. Some community
detection methods are able to correctly classify all nodes into com-
munities in large and dense networks generated by the SBM, provided
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that the average degree increases as the number of nodes
increases™***°, However, most networks of interest in applications are
sparse'”, in that their average degree is usually much smaller than the
network size. The task of community detection is particularly hard on
sparse networks. For instance, the performance of many spectral
methods significantly worsens as the graph gets sparser*>**, which has
led to the development of remedies such as non-backtracking
walks®®** and consensus clustering®. However, it remains unclear
how neural graph embeddings perform on sparse networks, how much
edge sparsity hampers their ability to detect communities, and how
they fare for traditional clustering techniques, especially spectral
methods.

Here, we prove that graph embedding methods based on a shal-
low neural network without non-linear activation—such as DeepWalk’®,
LINE*, and node2vec*—can resolve communities all the way down to
the information-theoretical limit on graphs generated by the SBM>.
Our results imply that two common components of deep learning—
multiple deep layers and non-linear activation—are not necessary to
achieve the optimal limit of community detectability. Numerical
experiments demonstrate that the communities embedded by
node2vec can be effectively identified by the K-means algorithm, with
accuracy close to the performance of the optimal belief propagation
(BP) method*® when the true number of communities is given to the K-
means and BP. Additional numerical tests reveal that node2vec is also
able to learn communities in the presence of heterogeneity of degree
and community size. In this case, the two-step approach, combining
embedding and clustering, is underperforming in certain settings, but
this may be due to the fact that K-means clustering struggles when
clusters have widely different sizes. We expect that addressing this
shortcoming of K-means would lead to much better results.

Our work might help to inform powerful community detection
algorithms and improve our theoretical understanding of clustering
via neural embeddings. The code to reproduce all the results is avail-
able at ref. 57.

Results

Planted partition model

We first consider the standard setting studied in papers concerning
community detectability’>***%, We focus on undirected and unweigh-
ted networks with community structure generated according to the
planted partition model (PPM)*’, a special case of the SBM where nodes
are divided into g equal-sized communities, and two nodes are con-
nected with probability p;, if they are in the same community and with
probability po, if they are in different communities. We assume that
the networks are sparse, i.e., pi, and poy are inversely proportional to
the number n of nodes. The average degree (k) and the ratio of edge
probabilities pi./pou: do not depend on n. We specify the edge prob-
abilities via the mixing parameter u = np../(k). The mixing parameter
indicates how blended communities are with each other. As u > 0,
communities are well separated and easily detectable. For larger values
of u, community detection becomes harder. For g=1, which corre-
sponds to pi, = Pour, the network is an Erdés-Rényi random graph and,
as such, has no community structure. We note that the mixing para-
meter y is slightly different from the traditional mixing parameter p gr
used in the Lancichinetti-Fortunato-Radicchi (LFR) benchmark, which
is defined as p ;g = (1 — %)npout /{k). The difference between y and i rr
is negligible for large g.

Detectability limit of communities

The goal of community detection in the PPM is to recover the block
membership of the model based on the structure of the specific net-
works generated by it. When communities are well separated, an
algorithmiis likely to recover these communities perfectly. However, as
the number of inter-community edges increases, thereby reducing the
difference between the densities of inter-community and intra-

community edges, the algorithm may fail to correctly classify some
nodes, and eventually, communities cannot be detected better than
random guessing. The level of community mixing above which no
algorithm can recover communities better than random guessing is
the information-theoretic detectability limit>*5,

Operationally, with the PPM, the level of mixing is quantified by p.
Communities are present for all g-values in the range [0, 1), because the
edges are more densely distributed within communities than between
them. In the regime above the information-theoretical limit (i.e.,
W <p<1), communities are not detectable because their inter-com-
munity/intra-community edge densities are indistinguishable from the
corresponding edge densities of random partitions.

Detectability limit of node2vec

We first give a high-level description of our derivation of the algo-
rithmic detectability limit for node2vec. We note that our derivation
can be directly applied to other neural graph embeddings, such as
DeepWalk®® and LINE*. See the Methods section for the step-by-step
derivations.

Our analysis is based on the fact that node2vec generates its
embedding by effectively factorizing a matrix when the number of
dimensions is sufficiently large®. This insight enables us to study
node2vec as a spectral method (see Methods). Spectral algorithms
identify communities by computing the eigenvectors associated with
the largest or smallest eigenvalues of a reference operator, such as the
combinatorial and normalized Laplacian matrices. When using eigen-
vectors to represent the network in vector space, nodes in the same
community are projected onto points in space lying close to each other
so that a data clustering algorithm can separate them".

The existence of such localized eigenvectors can be inferred by
analyzing the spectrum of the reference operator using random matrix
theory. For instance, this approach has been applied to determine the
detectability limit of the normalized Laplacian matrix generated by the
PPM*®°. We find that, under some mild conditions, the spectrum of the
node2vec matrix is equivalent to that of the normalized Laplacian
matrix. Hence, the detectability limit of node2vec matches that of the
spectral embedding with the normalized Laplacian matrix®°:

. . 1
=p=1-——.
Hnoy H (k) (1)

See Supporting Information Section 2 for the expression of the
detectability limit in terms of the mixing parameter p. This threshold
exactly corresponds to the information-theoretical detectability
limit g of the PPM*>*%, In other words, node2vec has the ability to
detect communities down to the information-theoretic limit in
principle. However, like in the case of spectral modularity
maximization®®, our analysis is only valid when the average degree
is sufficiently large. Nevertheless, as we shall see, our numerical
simulations show that node2vec performs well even if the average
degree is small.

Experiment setup

As baselines, we use two spectral embedding methods whose detect-
ability limit matches the information-theoretical one: spectral mod-
ularity maximization®® and the spectral embedding based on the
normalized Laplacian matrix (Laplacian EigenMap)®. In addition, we
use two other neural embeddings, DeepWalk* and LINE*. DeepWalk
and LINE share the same architecture as node2vec but are trained with
different objective functions®*®%. Furthermore, we employ the spectral
algorithm based on the leading eigenvectors of the non-backtracking
matrix, which reaches the information-theoretical limit even in the
sparse case for networks generated by the PPM*. For all embedding
methods, we set the number of dimensions, C, to 64. Finally, we
employ two community detection algorithms: statistical inference of
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Fig. 1| Performance of community detection methods on PPM networks.

We generated networks with n =10° nodes, different edge sparsity ((k)=5in (A, D),
(ky=10 in (B, E), (k) =50 in (C, F), and the different number of communities (g =2
for A-C and g =50 for D-F). The dashed vertical line indicates the theoretical
detectability limit g* given by (1): communities are detectable (i.e., $>0), in prin-
ciple, below p*. Spectral embedding methods detect communities up to the theo-
retical limit for dense networks (C, F), supporting the detectability limit derived
from previous studies®>°°. However, for sparse networks, they fall short even at low

p-values (A, D). node2vec and the spectral embedding based on the non-
backtracking matrix outperform other spectral methods, with the performance
curves close to that of the BP algorithm. Note that even the BP algorithm falls short
of the exact recovery of some easily detectable communities in the case of g=50
communities, with the initial parameters set according to the ground-truth com-
munities. The error bands represent the 90% confidence interval by a boot-
strapping with 10* resample.

the microscopic degree-corrected SBM*, and the BP algorithm*. The
BP algorithm is theoretically optimal for PPM networks and serves as
an ideal baseline for assessing graph embeddings. However, achieving
optimal performance with BP in practice requires non-trivial para-
meter tuning. Therefore, we initialized the BP using the information
about the true communities, namely the number of nodes in each true
community and the number of edges between the communities.
See Supporting Information Section 4 for the parameter choices of the
models and the implementations we used.
Community detection via graph embedding is a two-step process:
* First, the network is embedded, which yields a projection of nodes
onto points in a vector space.
* Second, the points are divided into groups using a data clustering
method (e.g., K-means clustering).

Thus, the performance of community detection depends on
both the quality of the embedding and the performance of the
subsequent data clustering procedure. We use the K-means cluster-
ing algorithm in the second step. We set the number of clusters to
the number of true communities, run the K-means algorithm 10 times
with different random seeds, and select the best clustering in terms
of the objective of the K-means algorithm (i.e., the mean squared
distance between the nodes and their assigned cluster centroids).
Additionally, we also test an alternative data clustering method,
Voronoi clustering, which assigns each node to the cluster with the
closest centroid in the embedding space, with the cluster centroids
being the ones of the true communities. Because the Voronoi clus-
tering method has access to additional information about the loca-
tions of true communities, it provides the best-case scenario for the
K-means algorithm. The results for Voronoi clustering are presented
in the Supporting Information 7.

We assess the performance by comparing the similarity between
the planted partition of the network and the detected partition of the
algorithm. We used the element-centric similarity®’, denoted by S, with
an adjustment such that a random shuffling of the community mem-
berships for the two partitions yields S=0 on expectation (See Sup-
porting Information Section 1). This way, for planted divisions into
equal-sized communities, S = 0 represents the baseline performance of
the trivial algorithm, while $>0 indicates that communities are
detectable by the given algorithm.

Simulations: PPM

We test the graph embedding and community detection algorithms on
networks of n=100,000 nodes generated by the PPM, with g € {2, 50}
communities of equal size and average degree (k) € {5, 10, 50} (Fig. 1).
Spectral methods find communities better than random guessing
below the detectability limit y*, i.e,, $>0, for u<p* and (k)=50
(Fig. 1C, F). However, their performance is much worse when the
average degree is small ((k) =35, Fig. 1A, D). For example, Laplacian
EigenMap falls short below the detectability limit (u<py*), despite
having the optimal detectability limit when the average degree is suf-
ficiently large®’. All techniques, including BP that is supposed to be
optimal for sparse networks, fail the exact recovery of the clusters for
sparse networks even if the value of u is low ((k) =5, Fig. 1A, D). We find
that misclassifications are inevitable for these highly sparse networks
because some nodes end up being connected with other communities
more densely than with their own community by random chance.
Notably, the poor performance of the BP algorithm is mainly observed
in the networks with 50 communities (g =50; Fig. 1F), where the pre-
valence of many local minima may exacerbate the limitations of
the greedy optimization used to optimize the objective of the BP
algorithm.
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On the other hand, node2vec is substantially better than the
spectral methods, and its performance is the closest to that of the BP
algorithm for sparse networks (Fig. 1A, D). The results are striking,
given that the K-means algorithm can significantly worsen the perfor-
mance of node2vec. Crucially, the information-theoretical limit of
community detectability sharply separates the detectable and unde-
tectable regime of communities for node2vec, demonstrating the
validity of our theoretical result. node2vec consistently achieves a
good performance across different numbers of communities and dif-
ferent network sparsity. Furthermore, node2vec performs well even if
we reduce the embedding dimension C from 64 to 16, which is smaller
than the number of communities in the cases where g = 50 (Supporting
Information Section 5). We also confirmed that the effectiveness of
node2vec is robust for different sets of hyperparameter values (Sup-
porting Information Section 6).

Simulations: LFR benchmark
The PPM is a stylized model that lacks key characteristics of empirical
community structure. We test the graph embedding using more rea-
listic networks generated by the LFR model®®, which produces net-
works with heterogeneous degree and community-size distributions,
to assess the performance of the methods in a more practical context.
Unlike the PPM, however, the theoretical detectability limit of com-
munities in LFR networks is not known. We build the LFR networks by
using the following parameter values: number of nodes n=10,000,
degree exponent 7; € {2.1, 3}, average degree (k) € {5, 10, 50}, max-
imum degree +/10n, community-size exponent 7, =1, community-size
range [50,+/10n].

In LFR networks, the BP algorithm and the non-backtracking
embedding—which have an excellent performance on the PPM net-
works, at least in theory—underperform noticeably (Fig. 2), suggesting

that optimal methods for the standard PPM may not perform well in
practice. The underperformance is likely due to the violation of the
assumption in the BP algorithm that loops are negligible in the net-
work. Even if the network is highly sparse, loops are likely to be formed
when the degree distribution is highly heterogeneous®**’. As a result,
the BP falls short of the LFR networks. node2vec struggled to recover
the planted communities perfectly, even when they were well sepa-
rated, as previously noted””. We note that the substandard perfor-
mance of node2vec on the LFR networks may be attributed to the
heterogeneity in community sizes, as the K-means algorithm tends to
detect communities of nearly equal sizes®® (Fig. 2A, B). In fact, when the
Voronoi clustering method is used, the performance of node2vec is
significantly improved, suggesting that the substandard performance
of node2vec is attributed to the clustering algorithm, not to the
embedding itself. Laplacian EigenMap outperformed other methods,
except in extremely sparse networks (Fig. 2A, B). It is worth noting that
Laplacian EigenMap is highly sensitive to the number of dimensions.
When the number of dimensions is set to 16, Laplacian EigenMap
underperforms considerably. On the other hand, node2vec con-
sistently performs well even across different number of dimensions
(Supporting Information Section 7). Even with the smaller embedding
dimension C=16, node2vec performs comparably well with the flat
SBM (Supporting Information Section 5). We also confirmed that the
effectiveness of node2vec is robust for different sets of hyperpara-
meter values (Supporting Information 6).

Empirical networks

We evaluated graph embedding methods using six empirical networks
from various domains. Since communities in empirical networks are
unknown, we relied on node metadata labels to define community
memberships. We note that node attributes do not necessarily align
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Fig. 2 | Performance of community detection methods on the LFR benchmark
networks, as a function of the mixing parameter u. We generated networks with
n=10* nodes with different edge sparsity (k) =5in A, D, (k) =10 in (B, E), (k) =50 in
C, F). The degree exponent 1; = 2.1 in A-C, and 7; =3 in D-F. node2vec consistently
performs well across different sparsity regimes for most u-values, with a larger

margin for sparser networks. The BP algorithm, which is provably optimal for
networks generated by the PPM, fails to identify some easily detectable commu-
nities, even with the initial parameters set according to the ground-truth commu-
nities. The error bands represent the 90% confidence interval by a bootstrapping
with 10* resample.
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Fig. 3 | Performance of community detection methods on empirical networks.
Each panel illustrates the distribution of element-centric similarities for the com-
munity detection and graph embedding methods. Each circle denotes the

outcome of a single run. The boxes indicate the quartiles of this distribution. The
whiskers extend to the farthest data point within 1.5 times the interquartile
range from the nearest hinge.

with the detected structural communities, hence community detec-
tion methods may fail to identify the node groups based on node
attributes®®’°. Keeping this potential issue in mind, we focus on the
following networks, where node attributes align relatively well with the
community structures, to shed light on the practical performance of
graph embedding methods. Political blog network represents
hyperlinks between U.S. political blogs related to the 2004 U.S. pre-
sidential election”. The network consists of 1222 nodes (blogs) and
16,714 edges, where an edge represents a citation from one blog to
another on its front page. As the community membership of the blogs,
we use the blog categorization into liberal or conservative identified by
an automated classification from several weblog directories. World-
wide airport network consists of 2939 nodes representing airports
in the world and 15,677 edges representing direct scheduled flights
between the airports’. As the community membership of the airports,
we use the geographical classification into four regions (Africa,
Americas, Asia & Oceania, and Europe). Cora citation network
consists of 2708 scientific publications and 5429 citations among the
publications™. As the community membership of the publications, we
use the scientific field classification into seven fields of study (com-
puter science, mathematics, physics, statistics, engineering, materials
science, and medicine). Football network represents American
football games between Division IA colleges during regular season Fall
2000. The nodes represent football teams, and the edges represent
the matches between the two teams. Each team belongs to one of 12
conferences, and we use the conference classification as the commu-
nity membership’’. Political book network represents a network
of books on US politics published around the time of the 2004 pre-
sidential election. Each node represents a book, and two books are
connected if they are frequently copurchased by the same buyers”. We
use the political leaning of the books as the community membership.
High-school network represents a contact network of students in a
high school in Marseilles, France. Each node represents a student and
an edge between two students indicates a contact between them

during 4 days in Dec. 20117°. The community membership of the stu-
dents is the year of their high school entrance.

We consider a scenario where the number g of communities is not
known. We estimate g by using the silouette score”. Specifically, we
identify the clusters with the K-means algorithm, by imposing a num-
ber of clusters g going from 2 to 20, and choose the value of g with the
highest silouette score. We use the same parameter set to generate the
embeddings and identify the communities. We run the whole process
of community detection—from graph embedding, the estimation of
the number of communities, and clustering—10 times with different
random seeds, and report the agreement between the ground-truth
communities and the detected communities in terms of the element-
centric similarity for each run (Fig. 3).

node2vec and DeepWalk performed the best in four out of the six
networks (Political Blog, Airport, Cora Citation, Political
Books), and at least on par with the top-performing method in High
School, suggesting that they performed consistently well across dif-
ferent networks (Fig. 3). Another neural embedding method—LINE—
performed similarly with node2vec and DeepWalk except for two
networks (2irport and Cora). The performance of the spectral
embedding methods is less consistent across networks. For example,
L-EigenMap can perform on par with the top-performing methods in
three networks (Political Blog, Cora, and High School) but
underperform on the other four networks. Similary, Modularity
embedding performed particularly well on Footbal1 but substantially
underperformed on the other networks.

Discussion

We investigated the ability of neural graph embeddings to encode
communities by focusing on shallow linear graph neural networks—
node2vec, DeepWalk, and LINE—and comparing them with traditional
spectral approaches. We proved that, for not-too-sparse networks
created by the PPM, node2vec is an optimal method to encode their
community structure in that the algorithmic detectability limit
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coincides with the information-theoretic limit. Our results elucidate
how and why node2vec works for community detection by demon-
strating the equivalence between the embedding learned by node2vec
and the spectral embedding based on the eigenvectors of the nor-
malized Laplacian matrix. This equivalence provided insights into how
communities in a network are embedded and the effectiveness of
node2vec in learning network communities.

Our theoretical framework shows that graph embeddings based
on simple neural networks can achieve optimal community detec-
tion. This finding provides guiding principles for developing effec-
tive neural embedding methods that are able to resolve communities
in embedding space. In neural graph embeddings, deep neural
structures and non-linear activation are considered indispensable in
order to achieve high performance. The neural network architecture
is also critical for graph neural networks for the community detec-
tion task’®. Our findings instead demonstrate that a simple neural
network with only one hidden layer and no non-linear activation can
achieve the information-theoretical detectability limit of
communities.

DeepWalk*® and LINE® are also optimal in terms of the detect-
ability limit of communities (Supplementary Information Section 2).
However, node2vec surpasses both DeepWalk and LINE in numerical
tests, owing to two key features. First, node2vec learns degree-
agnostic embeddings, which are highly robust against degree
heterogeneity®’. By contrast, DeepWalk tends to learn node degree as
the primary dimension in the embedding space®’. Consequently,
degree heterogeneity introduces considerable noise to the commu-
nity structure in the DeepWalk embedding. Second, LINE is a specific
instance of node2vec with window size T=1*, and thus learns the
dyadic relationships between nodes. As is the case for node2vec,
LINE is resilient to degree heterogeneity, and performed closely to
node2vec for some networks in our simulations. However, it did not
perform as well as node2vec, and this discrepancy may be attributed
to LINE's emphasis on learning stochastic and noisy dyadic rela-
tionships, as opposed to the indirect relationships that node2vec
captures.

Our results come with caveats. First, our numerical results do
not report the limiting performance of the embedding methods,
rather the lower bound of the performance limited by the K-means
algorithm. With graph embedding methods, the performance of
community detection depends on both the quality of the embedding
and the performance of the subsequent data clustering procedure.
Consequently, the performance of the graph embedding methods
can be limited by the K-means algorithm. For instance, a previous
study® using the K-means algorithm demonstrated that node2vec
did not perform as well as standard community detection methods
for the LFR networks even if its hyperparameters are fine-tuned.
Consistently with this result, the performance of node2vec was
suboptimal for the LFR networks in our analysis. However, we note
that the LFR networks—that produce communities of different sizes—
are challenging for the K-means algorithm—that tends to detect
communities of nearly equal sizes®. In fact, communities in LFR
networks are still well separated in the embedding of node2vec, as
knowing the position of the centroids of the planted communities
leads to a very good performance (Supplementary Information 7).
Nevertheless, the clustering step is a critical limitation when using
graph embedding for community detection. An extended K-means
algorithm that can handle imbalanced cluster sizes could be a
potential solution to this issue’. Our results reveal that communities
are accurately represented in the embeddings, which might be suf-
ficient for applications that can benefit from community structure
but do not require the clustering step, such as link prediction®® and
node classification**,

Second, in our analytical derivations, we assumed that the
average degree is sufficiently large, as is the case for the

corresponding analysis of spectral modularity maximization®®. Thus,
the optimality may not hold if networks are substantially sparse.
However, our simulations suggest that node2vec is resilient to net-
work sparsity compared with traditional spectral embedding meth-
ods. Understanding the factor inducing such resilience is left to
future work.

Third, while we restricted ourselves to the community detec-
tion task, graph embeddings have been used for other tasks,
including link prediction, node classification, and anomaly detec-
tion. Investigating the theoretical foundation behind the perfor-
mance of neural embeddings in other tasks is a promising research
direction.

We believe that our study will provide the foundation for future
studies that uncover the inner workings of neural embedding methods
and bridge the study of artificial neural networks to network science.

Methods

node2vec as spectral embedding

node2vec learns the structure of a given network based on random
walks. A random walk traverses a given network by following randomly
chosen edges and generates the sequence of nodes X, x?, .... The
sequence is then fed into skip-gram word2vec®, which learns how
likely it is that a nodej appears in the surrounding of another node i up
to a certain time lag T (i.e., window length) through the conditional
probability

P =jixO=j1<|7)1<T)= %exp(u?vj), )

where u; € R, v; e R“*', and Z is a normalization constant. Each
node i is associated with two vectors: vector u; represents the
embedding of node i; v; represents node i as a context of other nodes.
Because the normalization constant is computationally expensive,
node2vec uses a heuristic training algorithm, i.e., negative sampling®'.
When trained with negative sampling, skip-gram word2vec is equiva-
lent to a spectral embedding that factorizes matrix R" with
elements®**

R[r_\_Zv — logl " |:P(X(t+n :jlx‘m =) ) 3)
y T4 P(x® =j)

in the limit of C~> n with T greater than or equal to the network dia-
meter, where P(x¥ =i) is the probability that the £" node in the given
sequence is node i (see Supporting Information Section 3 for the step-
by-step derivation). Note that the two embedding vectors v; and u;
generated by node2vec are parallel to each other because R™ is
symmetric®*%>%2,

Leveraging this equivalence, we take another step forward to
connect the result with random matrix theory, deriving the detect-
ability limit of these methods for community detection. While previous
studies demonstrated that node2vec factorizes R", it remains unclear
about its spectral properties, which is crucial to derive the detectability
limit. Deriving the spectrum of R™ in a closed form is challenging. In
fact, to identify the spectral density analytically, we need to
decompose R™' into a linear combination of matrices (e.g.,

i [%]), which is not straightforward due to the non-

linear element-wise logarithmic transformation. Here, we derive the
spectral properties of R" by approximating the element-wise loga-
rithm with a linear function based on the assumption that the window
length T is sufficiently large. To demonstrate our argument, let us
describe R,-j.z" in the language of random walks. Given that the network
is undirected and unweighted, the probability P(x® =) corresponds to
the long-term probability of finding the random walker at node j. The
probability PO =jlx¥ = i) refers to the transition of a walker from
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Fig. 4 | Matrix factorization of node2vec. Graph kernel ¢(A; T) of node2vec matrix ﬁ"zv

1.00 1.25 1.50 1.75 2.00

across different T values. A The plot for all eigenvalues. B A zoom-in plot for the

values between one and two. The function ¢(4;) is non-negative and monotonically decreasing for 0 <A;<1 and ¢(1;) <0 for 1<A;<2.

node i to nodej after 7 steps. In the limit 7> «, the walker reaches the
stationary state, and P(X“? = j|x° = i) approaches P(x® =j). Thus, in the
regime of a sufficiently large 7, we take the Taylor expansion of

RF* = log (1 + ey) around e;= 27 P(x¢ 0 =j1x© =) /[TP(x© = )] — 1
and obtain

n2v pnve g POt =jix®O =
RPY =Ry =4y [PGrale=t] 1, “)

=1
In matrix form,

.
R"™ = ZT'" {Z (D-IA)T] Dl-1,., 5)
T=1

where A is the adjacency matrix, D is a diagonal matrix whose diagonal
element D;; is the degree k; of node i, m is the number of edges in the
network, and 1, , is the n x n all-one matrix. We used P(x =) = k/2m
and (D‘IA), P(x®*D =jx® =), derived from the fact that P(® =j) is
proportlonal to degree in undirected networks; D'A is the transition
matrix, whose tth power represents the random walk transition
probability after 7 steps.

The node2vec matrix R™" has a connection to the normalized
Laplacian matrix, L, which is tightly related to the characteristics of
random walks and network communities®. The normalized Laplacian

matrix is defined by L: =1-D D :AD . By using an alternative
expressnon of the transmzon probability, i.e., (D‘IA)T=
D (D *AD })'D?, we rewrite R
R™ = {Z (D %AD%)TD%} .
(6)

2

=2mD‘%{Z(l—LT
Tl':l

D}1,1/D}]
vV2m+/2m

where 1, is a column vector of length n. We note that vector
DY?1,/+/2m is a trivial eigenvector of L associated with the null
eigenvalue, A; = 0. Furthermore, (I — L)* changes the elgenvalues while
keeping the eigenvectors intact. This means that R™" canbe specified
by using the spectrum of L, i.e.,

oy) 0
=Dir

1

_ rns, 7)
0 »Ay,)

~ n2v
R

where I' e R"*" is the matrix of the eigenvectors of L, and ¢ is a graph

kernel'® that transforms the eigenvalues A; (i=1, 2, ..., n) of L by
2m1-4) [1-0-2)"] (1%0)
o) = A e ()]
0 (*;=0),

or equivalently ¢(4;)= 22 Z, 1d- A) 1f/l #0 (Fig. 4). Equation (7)
tells us that the elgenvectors U of R™ are equivalent to the eigen-
vectors I of the normalized Laplacian matrix, up to a linear transfor-
mation given by

U: =Dir. )

Building on the correspondence2 between the normalized
Laplacian L and the node2vec matrix R, we derive the algorithmic
community detectability limit of node2vec. Following®™%*, we
assume that the network consists of two communities generated by
the PPM. Then, the non-trivial eigenvector of L encodes the com-
munities and has the optimal detectability limit of communities,
provided that the average degree is large (1)°*°*¢*. This non-trivial
eigenvector of L corresponds to the principal eigenvector of R™
Specifically, the non-trivial eigenvector of L is associated with the
smallest non-zero eigenvalue A,, which is A, <1 when each commu-
nity is densely connected within itself and sparsely with other
communities”. The eigenvalues are mirrored in the eigenvalues ¢(4;)
of ﬁnzv and A,—the smallest non-zero eigenvalue—yields the max-
imum ¢-value (Fig. 4).

This correspondence of non-trivial eigenvectors between R”
and L sSuggests that communities detectable by L are also detectable
by R and vice versa. Thus, spectral embedding with R™ has the
same information-theoretic detectability limit as spectral methods
relying on eigenvectors of L, for networks with sufficiently high
degree.

Detectability limit of DeepWalk

We expand our argument to include DeepWalk®, Similar to node2vec,
DeepWalk also trains word2vec but with a different objective function.
Previous studies have demonstrated that DeepWalk is a matrix fac-
torization method**¢2, However, it remains unclear about the spectral
properties of the matrix to be factorized. Furthermore, deriving the
spectral properties of the matrix is challenging due to the element-
wise logarithm involved in the matrix to be factorized. More
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specifically, DeepWalk generates an embedding by factorizing a matrix
with entries®*

10)

1 PO =i, xt*0 =j
R:,j),w .= Iog <7 (—‘I)>’

Px©=g).1

=1

in the limit of C > n with T being greater than the network diameter.
The element-wise logarithm in Eq. (10) makes it challenging to
derive the spectral properties of RBW. Here, we employ a
linear approximation by assuming that T is sufficiently large.
When T is large, the random walker reaches the stationary state,
which is independent of where the walker starts from ref. 83. Thus,
we have

lim PO =4, x40 =)= PO = )P(x =))
k: an
=P(x®O =}y . 4
P(x'"" =1i) P
In particular, if the degree distribution is Poisson and the average
degree is sufficiently large,

i’\‘l
,

nk) ~n’ o

which is true for the PPM. By substituting (12) into (11), we obtain
() —j xt+D) o_p. L
P(xY =i x =j) ~ P(xV=i). n for r>1.

13

Armed with this result, we demonstrate the detectability limit of
DeepWalk as follows. Assuming that the window length T is large, we

take the Taylor expansion of (10) around e,fj=zrr:1
P(x® =i, x*D =) /[T(P(x© =) - 1/n)] — 1 and obtain
~DW 1 ~P(x® =i, x+0 =j
=1 P(x _l)'ﬁ
In matrix form,
R™Y. 1S~ (p1a)| —1 15
=7 |2 (P7A) | L as)

Note that R”" is similar to the node2vec matrix IinZV(S). The right/left
eigenvectors of R”" are obtained from those of the normalized
Laplacian by simple multiplications by the operators D2 and D2,
respectively. Therefore, DeepWalk has the information-theoretical
detectability limit as well.

Detectability limit of LINE

LINE* is a special version of node2vec with the window length
being T=1. The corresponding matrix factorized by LINE is given by
ref. 30:

A
RN - = log <k;j< +a0> + log2m. (16)
iK;

For LINE, although ref. 30 shows log ,f ) + log 2m, we introduce a small
positive value ag (ap>0) to prevent 'the matrix elements from being
infinite for A;=0. To obtain the spectrum of R™, we exploit the Taylor
expansion log(x +a,) ~ g—o + log a, around x =0, where a > 0. Specifi-
cally, assuming that the average degree is sufficiently large, we obtain

X A
RN =Ty log a, + log2m,

N 17)

or equivalently in matrix form

REMEZ 1 D'AD l+q,,,
0

1
=D 2 1-LD " +ayl,,,
ao

1 1
1. 1n D1, 1'D:\ _ ;)
= D 2(1-L+2a,a,m—=L"2—|D"V/2.
ag ( o™ V2m+/2m

18)

where a; : = loga, + log(2m). Equation (18) is reminiscent of (6) for
node2vec. Comparing Egs. (18) and (6), it immediately follows that
they share the same eigenvectors, and thus node2vec and LINE have
the same detectability threshold.

Reporting summary
Further information on research design is available in the Nature
Portfolio Reporting Summary linked to this article.

Data availability

The dataset used in this study is available in the Figshare database
under accession code 10.6084/m9.figshare.26808775. The data can be
obtained at ref. 84.

Code availability

We made available the code and documentations to reproduce all
results. See our archived code at ref. 85 for reproducing our results and
the up-to-date version at ref. 57 for replications.
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